Abstract. We define a model structure on the category GCat of small categories with an action by a discrete group G by lifting the Thomason model structure on Cat. We show there is a Quillen equivalence between GCat with this model structure and GTop with the standard model structure.
Introduction
There are familiar adjunctions o o between the categories of categories, simplicial sets, and topological spaces, and for the standard model structure on sSet and the Quillen model structure on Top the adjunction on the right is a Quillen equivalence. In [Tho80] Thomason defined a model structure on Cat and showed that the adjunction
is a Quillen equivalence. In Thomason's model structure a functor F : A → B is a weak equivalence if Ex 2 N (F ) is a weak equivalence in sSet or, equivalently, BF is a weak equivalence of topological spaces. A functor F is a fibration if Ex 2 N (F ) is a fibration in sSet . As shown in [FP10] , this model structure is cofibrantly generated.
In this paper we use results by Stephan [Ste13] to extend Thomason's model structure to the category of categories with an action by a discrete group G. We let BG be the category with one object and endomorphisms given by the group G and define the category of G objects in a category C, denoted by GC, to be the category of functors BG → C and natural transformations.
Remark. Explicitly, an object of GC is an object C of C along with isomorphisms σ g : C → C so that σ g σ h = σ gh and σ e = id. As an alternative, we could consider G objects where the morphisms σ g are equivalences and the group identities hold up to natural isomorphism. This corresponds to a pseudofunctor from BG to the 2-category of categories and would define group actions up to homotopy after passing to topological spaces. Since our primary interest is in the comparison between GCat and GTop we will only consider strict actions.
If C is a model category we can define a model structure on GC where the fibrations and weak equivalences are maps that are fibrations or weak equivalences in C. Unfortunately, this perspective does not capture the desired homotopy theory. This is perhaps most familiar in the case of GTop, where the desired notion of Gweak equivalence is a map that induces a non-equivariant weak equivalence on fixed point spaces for all subgroups of G.
Given a subgroup H of G, we have a functor (−)
H : GC → C defined by X H = lim BH X. This notion coincides with the usual definition of the fixed point functor in the case that C is any of Set , Top, sSet or Cat . In the case of Cat , C H is the subcategory of C consisting of those objects and morphisms fixed by all h ∈ H. Let O G be the orbit category of G; it has objects the orbits G/H for all subgroups H and morphisms all equivariant maps. Then an object X ∈ GC defines a functor If C is a cofibrantly generated model category, such as Top, sSet or Thomason's model structure on Cat, there is a model structure on O G -C where the fibrations and weak equivalences are defined levelwise. This is the projective model structure on the category O G -C. For the category of topological spaces, or simplicial sets, this model structure captures the desired equivariant homotopy type.
For some categories C we can use the functor Φ to lift the projective model structure from O G -C to GC. Then a map in GC is a fibration or weak equivalence if it is one after applying Φ. In the case of topological spaces this is the usual model structure on GTop [MM02, III.1.8]. In [Elm83] , Elmendorf constructed a functor O G -Top → GTop that was an inverse of Φ up to homotopy, thus showing that the homotopy categories of GTop and O G -Top were equivalent. Later Piacenza [Pia91] showed that the adjunction given by Φ and Λ is a Quillen equivalence if GTop has this model structure and O G -Top has the projective model structure. Note that Elmendorf's functor can be thought of as the composition of the cofibrant replacement in O G -Top followed by Λ.
In this paper we prove a similar result for Cat .
Theorem A. If G is a discrete group there is a model structure on GCat where a functor is a fibration or weak equivalence if it is so after applying Φ. Using this model structure the Λ-Φ adjunction is a Quillen equivalence between GCat and O G -Cat .
More can be said about this model structure. Since O G -C and GC are both diagram categories, an adjunction L : C ⇄ D : R defines adjunctions
and so the classical adjunctions relating Cat , sSet , and Top define adjunctions
The usual Quillen equivalences between Cat, sSet and Top are known to induce Quillen equivalences between
Theorem B. The adjunctions in the top row of the diagram above are Quillen equivalences.
Let C be a cofibrantly generated model category. To lift the model structure from C to the category GC we need some compatibility between the model structure on C and the group action. The relevant notion of compatibility is captured using the fixed point functors.
(1) it preserves directed colimits of diagrams where each arrow is a nonequivariant cofibration after applying the forgetful functor GC → C, (2) it preserves pushouts of diagrams where one leg is given by
for some closed subgroup K of G and a cofibration f : A → B in C, and (3) for any closed subgroup K of G and any object A of C the induced map
Note that since C is cocomplete, for a G-set X and an object A of C we have the categorical tensor X ⊗ A which is the G-object X A with G-action induced by the G-action on X.
In [Ste13] , Stephan gives conditions to lift a model structure from O G -C to GC.
Theorem 1.2. [Ste13, Proposition 2.6, Lemma 2.9] Let G be a discrete group, C be a model category which is cofibrantly generated and assume for any subgroup
Then there is a fixed point model structure on GC where a map f in GC is a fibration or weak equivalence if and only if Φ(f ) is a fibration or weak equivalence in the projective model structure on O G -C. Additionally, there is a Quillen equivalence
between O G -C with the projective model structure and GC with this model structure.
Reflecting the hypothesis of this theorem, for the rest of this section we assume that G is a discrete group. This theorem can be made functorial with respect to Quillen adjunctions. Proof. To show we have a Quillen adjunction it is enough to show that R * : GD → GC is a right Quillen functor, that is, to show that R * preserves fibrations and acyclic fibrations. We will show R * preserves fibrations; the case for acyclic fibrations is similar.
Let f : X → Y be a fibration in GD. Since GD has the fixed point model structure, fibrations are created in O G -D. Thus Φf : ΦX → ΦY is also a fibration in O G -D.
By assumption, R : D → C is right Quillen and thus by [Hir03, Theorem 11.6.5], R * : O G -D → O G -C is also right Quillen. Thus R * Φf : R * ΦX → R * ΦY is a fibration.
As a right adjoint, R commutes with limits. This allows us to equate ΦR * and R * Φ. To be explicit, consider any H ≤ G and X : BG → D. By definition,
H is given by lim BH RX, the limit along BH of the composite functor RX : BG → D → C. Since R commutes with limits, we obtain the identification lim
This later object is the definition of (R * ΦX)(G/H), and therefore the maps R * Φf and ΦR * f are equal. This means that ΦR * X ΦR * f − −−− → ΦR * Y is a fibration, and thus,
Suppose L : C ⇄ D : R is a Quillen equivalence. To show the adjunction GC ⇄ GD is a Quillen equivalence, we apply the 2-out-of-3 property for Quillen equivalences [Hov99, Corollary 1.3.15]. We then have a diagram of Quillen adjunctions, in which both the diagrams of the left adjoints and the right adjoints commute,
such that bottom and two side adjunctions are Quillen equivalences. Thus the top adjunction must be a Quillen equivalence as well.
After we verify that Cat satisfies the conditions of Theorem 1.2 in the next section, Theorem 1.3 completes the proof of Theorem B.
We now record that Stephan's construction preserves right properness. Proposition 1.4. Let C be a cofibrantly generated model category that is right proper and satisfies the conditions of Theorem 1.2. Then the fixed point model structure on GC is right proper.
Proof. Suppose C is right proper and consider a pullback diagram in GC
where h is a fibration and f is a weak equivalence. We must show that f ′ is also a weak equivalence. Since weak equivalences and fibrations in GC are created by the functor Φ : GC → O G -C and O G -C is right proper [Hir03, Thm. 13.1.14] this follows from the fact that Φ is a right adjoint and thus commutes with pullbacks.
To apply Theorem 1.2 to the category Cat we will show this category and its fixed point functors satisfy conditions that imply the fixed point functors are cellular.
Proposition 1.5. Let H be a subgroup of G and C be a cofibrantly generated model category. Assume the H-fixed point functor (−) H : GC → C
(1) preserves filtered colimits in GC where each arrow is a non-equivariant cofibration after applying the forgetful functor GC → C, (2) preserves pushouts of diagrams where one leg is given by
Then the H-fixed point functor is cellular.
We postpone the proof to §3, but first observe that it allows us to prove a dual result to Proposition 1.4. This proof is also postponed to §3. Proposition 1.6. Let C be a cofibrantly generated model category that is left proper and satisfies the conditions of Proposition 1.5. Then the fixed point model structure on GC is left proper.
The model category GCat
In this section we will show that Cat satisfies the hypotheses of Proposition 1.5 proving Theorem A. We start by recalling an explicit description of the generating cofibrations and generating acyclic cofibrations in Thomason's model structure on Cat.
Theorem 2.1. [FP10, Thm. 6.3] The Thomason model structure on Cat is cofibrantly generated with generating cofibrations
and generating acyclic cofibrations
Here c is the left adjoint of the nerve functor and Sd is barycentric subdivision.
It is important to note that the sources and targets of the generating cofibrations and acyclic cofibrations are posets. To verify the conditions of Proposition 1.5 we will consider a more general collection of maps, the Dwyer maps of posets, rather than working directly with these generating cofibrations and acyclic cofibrations.
Recall that subcategory A of a category B is a sieve if for every morphism β : b → a in B with target a in A, both the object b and the morphism β lie in A. A cosieve is defined dually. Proof. Let I be a filtered category and F be a functor from I to GCat such that for each morphism i in I, F (i) is a monomorphism. First note that
H since the nerve commutes with filtered colimits [Lac] . The nerve is a right adjoint and taking fixed points is a limit, so we have an isomorphism N F (i)
Together these give an isomorphism
Taking H-fixed points preserves filtered colimits in GSet where each arrow is a monomorphism. This extends to sSet since fixed points and colimits in sSet are computed levelwise. Since each F (i) is a monomorphism, so is N F (i), thus we have
Finally, we have an isomorphism (N colim I F (i)) H ∼ = N colim I F (i) H since the nerve is a right adjoint. Together this gives an isomorphism
The nerve is fully faithful, so it follows that colim I (F (i)
completing the proof.
Remark. Note that if G is finite, then (−)
H preserves all filtered colimits. In this case (1) follows from the fact that finite limits and filtered colimits commute in Set and this extends to sSet since limits and colimits in sSet are computed levelwise.
We will verify the second condition in Proposition 1.5 for Dwyer maps of posets since they allow simple descriptions of pushouts of categories.
Proposition 2.4. Let A → B be a Dwyer map of posets and suppose the diagram
is a pushout diagram in GCat. Then this diagram remains a pushout after taking H-fixed points.
The proof of this proposition is based on a very explicit description of the morphisms in D. We give that description first and then continue to the proof of the proposition.
Lemma 2.5. Let i : A → B be a Dwyer map between posets with cosieve W and retraction r, and let F : A → C be any functor. If D is the pushout of i and F , the set of objects of D can be identified with
If c is an object of C and b is an object of B that is not an object of A, then
if b is in W, and is otherwise empty.
Proof. The proof of [FL81, Proposition 5.2] gives a simple description for the pushout D of a full inclusion i : A → B and a functor F : A → C. In the case when i is a sieve, the description is as follows. The objects of D are ob(C)∐(ob(B) \ ob(A)) and some of the morphisms are given by
For an object c of C and an object b of B not in A, the morphisms from c to b in D are equivalence classes of pairs (β, γ) where β is a morphism a → b in B for some a ∈ A and γ is a morphism c → F (a). The equivalence relation on these pairs is generated by (βα, γ) ∼ (β, F (α)γ) for α in A, whenever the compositions in question are defined. The equivalence relation is compatible with composition.
Now assume that A → B is a Dwyer map between posets. We denote the counit of the adjunction between the inclusion A → W and the retraction r by ε. If (β, γ) is a pair of morphisms as above, then β is in W by the definition of cosieve, and
since the source of β is in A. Since r(β) ∈ A, (β, γ) is equivalent to (ε b , F (r(β))γ) and, as the reader can check, every equivalence class has a unique representative of the form (ε b , γ).
Proof of Proposition 2.4. We must show that if the diagram on the left is a pushout and A → B is a Dwyer map of posets then the diagram on the right is also a pushout.
First observe that since GCat is a diagram category, the pushout is computed in the underlying category Cat . Since G/K and (G/K) H are sets considered as discrete categories, the top horizontal maps on both diagrams are also Dwyer maps of posets. Thus we can apply Lemma 2.5 to both diagrams. Applying Lemma 2.5, the morphisms of D are
and so for objects d and
For the pushout P, the analogous statement holds, and thus we have the same description for the morphism sets of P and D H and the induced map P → D H is an isomorphism on morphism sets.
Cellular functors and left proper model structures
We now return to the proof of Proposition 1.5. We only need to show that condition (2) in Proposition 1.5 can be extended from generating cofibrations to all cofibrations. This is a direct consequence of the following lemma, using the fact that cofibrations are retracts of transfinite compositions of pushouts of generating cofibrations.
Lemma 3.1. Let F : C → D be a functor between cocomplete categories and I a set of morphisms of C. Let J be the collection of all retracts of transfinite compositions of pushouts of morphisms in I. If F preserves filtered colimits along morphisms in J and pushouts along morphisms in I then F preserves pushouts along morphisms in J.
Proof. Suppose we have a diagram
where both small squares are pushouts and i is in I. Then the exterior is a pushout. Applying F we see that both the left square and the outside rectangle remain pushouts. This implies the right square is a pushout, so F preserves pushouts along pushouts of morphisms in I.
Now suppose we have a λ-sequence X : λ → C for some ordinal λ so that the morphisms X i → X i+1 are pushouts of morphisms in I. This implies that F preserves pushouts along all of the morphisms X i → X i+1 . We will show that F preserves pushouts along the transfinite composition X 0 → colim λ X β .
We proceed by transfinite induction. Assume the claim is already proven for all ordinals smaller than λ. Recall that for any limit ordinal β < λ, the induced map colim i<β X i → X β is an isomorphism by the definition of a λ-sequence. Note furthermore that for a non-limit ordinal, say, β + 1, the indexing category i < β + 1 has the terminal object β, so colim i<β+1 X i → X β is an isomorphism.
Assume first that λ = β + 1 is not a limit ordinal. Then we have a diagram of pushouts
Since the map colim i<β X i → colim i<β+1 X i is either an isomorphism or the given map X β−1 → X β (where β −1 denotes the predecessor of β in this case), the functor F preserves the smaller pushouts squares (for the left one, we use the induction hypothesis), and thus also the outer pushout rectangle. Now assume that λ is a limit ordinal. Since colimits commute with each other we have colim(C ← X 0 → colim λ X) ∼ = colim λ colim(C ← X 0 → X β ).
Note that the morphisms in the filtered colimit on the right are maps in J since they are pushouts of composites of maps in the diagram X. Using this observation and the assumption that F commutes with filtered colimits along morphisms in J, we obtain F (colim(C ← X 0 → colim λ X)) ∼ = colim λ F (colim(C ← X 0 → X β )).
The induction hypothesis allows us to replace the right hand side by colim λ colim(F C ← F X 0 → F X β ) and we can exchange the colimits to replace the colimit above by colim colim λ (F C ← F X 0 → F X β ) ∼ = colim(F C ← F X 0 → colim λ F X β ).
Finally we observe that F preserves filtered colimits along morphisms in J to see that colim(F C ← F X 0 → colim λ F X β ) ∼ = colim(F C ← F X 0 → F colim λ X β ).
For the condition on retracts, suppose that i ′ : B → B ′ is a retract of a map i : A → A ′ , and F preserves pushouts along i. Then we have a diagram B / /
